Abstract. Let Y be a normal and projective variety over an algebraically closed field k and V a vector bundle over Y . We prove that if there exist a k-scheme X and a finite surjective morphism g : X → Y that trivializes V then V is essentially finite.
Throughout the whole paper k will be an algebraically closed field and Y a normal and projective variety over k. Let us denote by EF (Y ) the neutral tannakian category of essentially finite vector bundles over Y . The aim of this paper is to prove the following Theorem 2.1. Assume there exist a normal projective variety X over k and a finite surjective morphism g : X → Y such that g * (V ) is trivial, then V ∈ EF (Y ).
Remark 2.2. This theorem holds in both zero and positive characteristic.
First we consider two important special cases: the case where g : X → Y is purely inseparable (i.e. the extension K(Y ) ⊂ K(X) of their function fields is purely inseparable, which only occurs when char(k) > 0) and the case where it is separable. Then it will only remain to reduce to these two cases.
Lemma 2.3. Assume there exist a normal projective variety X over k and a finite, surjective, purely inseparable morphism g :
Proof. We are in the case char(k) = p > 0. So let us denote by F X : X → X and F Y : Y → Y respectively the absolute Frobenius morphisms of X and Y . Since K(Y ) ⊂ K(X) is purely inseparable then there exists a positive integer n such that K(X) 
Lemma 2.4. Assume there exist a normal projective variety X over k and a finite, surjective, separable morphism g :
Proof. We may assume that K(X) is normal (then Galois) over K(Y ) with Galois group G (if it is not simply consider the normal closure of the extension
but g is seperable then g * (W ) is still semistable; now consider the isomorphism
The coherent sheaf W is in general only torsion free over Y . But it is locally free if restricted to a big open subset
) the symmetric algebra of the dual of W 0 and consider X 0 := Spec(Sym * (W * 0 )) with its canonical map
The vector bundle W 0 is strongly semistable of degree 0 over Y 0 : let us denote by F X0 and F Y0 respectively the absolute Frobenius morphisms of X 0 and Y 0 and assume W is not strongly semistable then there exists a subsheaf U of F * Y0 (W ) such that deg(U ) > 0. Let X 1 be the fiber product of g 0 : X 0 → Y 0 and F Y0 . It is an integral scheme. We denote by pr : X 1 → X 0 and g 1 : X 1 → Y 0 the projections and also h : X 0 → X 1 the normalization map:
) the latter being semistable whence a contradiction. As a consequence we have a homomorphism of O Y0 -algebras g 0 * (O X0 ) ≃ W 0 (cf. also [1] , §6).
Since g 0 * (O X0 ) is semistable of slope 0 over Y 0 then X 0 is a Galois-étale cover over Y 0 , the Galois group of g 0 still being G. Now let us fix some notations: recall that by assumption V is a vector bundle over Y such that T := g * (V ) is trivial on X; we set V 0 := V |Y0 and T 0 := g * 0 (V 0 ) so the latter is also trivial on X 0 . Since g 0 is a Galois-étale cover then T 0 is a G-bundle on X 0 . But X 0 is a big open set in X thus G acts on X and then G acts also on T . Since T is a G-bundle then we go on as follows: we have X/G ≃ Y and the trivial bundle T on X descends to Y . So by Kempf's lemma (cf. for example [3] , Théorème 2.3), for all x in X, the stabilizer G x acts trivially on the fibre T x . But T is trivial and both X and X 0 have no global sections except constants, this means that there is a map ρ : G → GL(T x ) = GL r over X, where r := rank(T ). Now let us assume for a moment that G acts faithfully on X so that the map ρ : G → GL r is injective. We already know that G acts freely on X 0 . So let us take x ∈ X\X 0 : since G x is a subgroup of G then G x has to be trivial. This proves that G acts freely on X. So g : X → Y is a Galois-étale cover. So V is in EF (Y ). Up to now we have assumed ρ to be injective. If it is not, i.e. if G does not act faithfully on X then just consider H := im(ρ), then consider the contracted product X ′ := X × G H, i.e. X ′ = X/(ker(ρ)), which is provided with a faithfull H-action and clearly Y ≃ X ′ /H. Hence H → GL r is injective, V is trivial over X ′ 0 := X 0 × G H and we proceed as before.
We are now ready to prove the principal result:
Proof. of Theorem 2.1: if char(k) = 0 then lemma 2.4 is sufficient to conclude. So let us assume char(k) = p > 0: if g is purely inseparable then lemma 2.3 is enough to conclude. Otherwise, if g is arbitrary, we argue as follows: again we may assume that K(X) is normal over K(Y ) with Galois group G. It is known that L := K(X)
G is a proper purely inseparable field extension of K(Y ) while K(X) is separable over L, then Galois. Let Z be the integral closure of Y in L, then g : X → Y factors through the maps s : X → Z and t : Z → Y (i.e. ts = g) where t : Z → Y is purely inseparable and s : X → Z is separable. By lemma 2.4 the vector bundle W := t * (V ) ∈ EF (Z) because s * (W ) is trivial on X. As we did for lemma 2. 
